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INTRODUCTION 
In this paper all Lie algebras L are assumed to be finite dimensional over 
an algebraically closed field k of characteristic zero. Suppose that L is the 
semi-direct product N xi H of a nilpotent Lie algebra N by a Lie algebra H. 
The goal of this paper is to prove that the injective hull of the l-dimensional 
trivial L-module E,(k) is isomorphic as an L-module to the tensor product 
E,v(k) 6~~ E,(k), where E,w(k) is the injective hull of the l-dimensional trivial 
N-module, and E,(k) is the injective hull of the l-dimensional trivial 
H-module (see Theorem 10). 
If L is a solvable Lie algebra, then L may be embedded in a finite- 
dimensional solvable Lie algebra of the form N ~1 A, where N is nilpotent 
and A is abelian by Ado’s Theorem [ 3, p. 202 J. By the above result, we may 
calculate E ,Yx,a(k) and thereby obtain information about EL(k). In particular, 
if E,v,,,(k) is locally finite dimensional then so is E,(k). A left module V for 
a k-algebra A is said to be locally finite dimensional if the k-dimension of AU 
is finite for each element 2: of V. In Section 1 we show that EN(V) is locally 
finite when N is nilpotent and V is a locally finite N-module. Hence E,(k) 
and E,(k) are locally finite and we obtain that E,,.,l,A(k) is locally finite since 
the tensor product of two locally finite modules is locally finite. Thus E,(k) 
is also locally finite for every solvable Lie algebra L. 
In Section 3 we extend the local finiteness property to E,(V), where V is a 
locally finite L-module, L solvable (compare [2]). The key fact here is that 
E,(S) = S ok E,(k), where S is an irreducible L-module. Hence we conclude 
from the previous paragraph that EL(S) is locally finite since S is 
l-dimensional by Lie’s Theorem [3, p. 501. The general case is obtained from 
this result by reducing to the case where V is finite dimensional and using 
the fact that V is an essential extension of its socle, Sot(V), where Sot(V) is 
the sum of all the irreducible submodules of V. 
In Section 1 we identify the injective hull E,(k) with the direct limit 
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dir lim(U(N)/Z”)*, where N is nilpotent, U(N) is the universal enveloping 
algebra of N, I is the augmentation ideal of U(N), and (U(N)/I”)* = 
Hom,(U(N)/I”, k). This shows explicitly that E,(k) is locally finite since this 
direct limit may be identified with the union of the finite-dimensional 
modules (U(N)/I”) *. 
Finally, in Section 4 we use the algebra isomorphism of U(N)* with the 
algebra k[ [X, ,..., X,]] of formal power series in the indeterminates X, ,..., X,, 
n = dim, N, to obtain a representation of N in the Lie algebra of derivations 
on k[X, ,..., X,]. This makes k[X, ,..., X,1 into an N-module isomorphic to 
E,(k). By using the result E,v,,,(k) = E,,,(k) OkEA(k), we then construct 
representations of N XI A in the Lie algebra of derivations on k[X, ,..., X,], 
p = dim, N >a A, and obtain an explicit form for E,,,,(k). Several examples 
of E,(k) for L nilpotent and solvable will be constructed in this manner. 
Module in this paper will always mean left module. 
1. THE NILPOTENT CASE 
We recall that a 2-sided ideal I in a ring R has the weak Artin-Rees 
property (weak AR property) if for any finitely generated left R-module V 
and submodule W of V there exists a positive integer n such that 
l”Vn WC IW [6, pp. 485-4861. 
PROPOSITION 1. Let N be a nilpotent Lie algebra over the field k and let 
V be a locally finite N-module. Then Eh’( V) is locally finite. 
Proof. We first assume dim,(V) < co. Let I be the kernel of the structure 
map U(N) + End,(V), where U(N) is the universal enveloping algebra of N. 
Then Z is a 2-sided cotinite ideal in U(N) with the weak AR property 15, 
Theorem 4.2, p. 4971. Let S G EN(V) b e any finite subset and form the 
finitely generated submodule M = V + ,YsGs U(N) s of E,v( V). Since I has the 
weak AR property, there is a positive integer n such that Z”M f’ V CI IV = 0. 
Since E,J V) is an essential extension of V, I”M = 0. Thus M is finite dimen- 
sional because I” is also a cotinite ideal in U(N) [ 1, Lemma 2.5.1, p. 821 and 
hence every finite subset of EN(V) is contained in a finite-dimensional 
submodule of E,v(V). Thus E,w(V) is locally finite. 
Now suppose V is a locally finite N-module. Then V is a direct limit of 
finite-dimensional submodules Vi. Since U(N) is Noetherian (3, Theorem 6, 
p. 1661, the direct limit of the E~v(Vi) is injective 14, Proposition 1.2, p. 5 12 1 
and is clearly an essential extension of V. Thus dir lim E,,( Vi) = E,v( V), and, 
since the EN(Vi) are locally finite by the above paragraph, it follows that 
E,y(V) is locally finite. 
The following lemma will be used to prove a structure theorem fo:r ,Fv(k), 
where k denotes the l-dimensional trivial N-module. 
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LEMMA 2. Let N be a nilpotent Lie algebra ocer the field k and suppose 
V is a finite-dimensional essential extension of k. Then 
(i) The representation p: N -gl(V) defined by p(x)(u) = xc, .Y E N, 
L’ E V. is a nil representation, i.e., p(x) is a nilpotent endomorphism of Vfor 
eLlerj1 x E N. 
(ii) There is a positive integer d such that I”V = 0, where I denotes 
the augmentation ideal of U(N). 
Proof. (i) V= V, @ V,, where V, and V, are submodules of V such 
that for every x E N, p(x) 1 V, is nilpotent and p(x) / V, is an automorphism 
13, Theorem 4, p. 391. Suppose 0 # c’ E V,. Since V is essential over k, there 
exists u E U(N) such that uz: E k, uv # 0. Now uv E V,, but for all x E N 
0 = X(UU) = p(x)(~), contradicting the definition of I’, . Thus V, = 0. 
(ii) Let 0 = V, c V, cl ... E V, = V be a composition series for V. 
Since the factor modules Vi/Vi_, are finite-dimensional simple modules, they 
are l-dimensional [ 1, Corollary 1.3.13, p. 131. Suppose that for x E N, 
p(x)(u,) = CLUE (modulo Vi- ,), where ci E Vi is a coset representative for a 
basis of Vi/Vi-, , 1 < i < d, and a E k. Since p is nil by (i), arui = 
p(x)‘(vi) = 0 (modulo I’-,); hence a = 0. Thus for any x EN, XV; = 
p(x)( Vi) E Vi-, , 1 < i < d, and hence IdV E V, = 0. 
The preceding lemma shows that a finite-dimensional essential extension 
of k is an N-module V that is annihilated by some power of the augmen- 
tation ideal I of U(N). This observation suggests considering N-modules of 
the form U(N)/I” or their dual modules (U(N)/Z”)*, where n is some 
positive integer. Now for every such n, the surjection U(N)/I” + U(N)/Z z k 
gives rise to an injection by dualizing k g k* --t (U(N)/I”)*. The collection 
of N-modules {WN>l~“)* lnao together with the homomorphisms 
f :: (U(N)/I”)* + (WV/W*, m > II, form a directed system of N-modules. 
It is easily verified that the f 1, are injective and this implies that the direct 
limit may be identified with the union of the (U(N)/I”)*. Since (U(N)/l”)* 
may be identified with the submodule of U(N)* consisting of the linear 
functionals which vanish on I”, it follows that dir lim(U(N)/I”)* is the 
submodule of U(N)* consisting of all linear functionalsfE U(N)* such that 
f(P) = 0 for some positive integer n. 
With the above preliminary remarks, we are now prepared to prove the 
structure theorem for E,(k). 
THEOREM 3. Let N be a nilpotent Lie algebra over the field k. Then 
E,(k) = dir lim(U(N)/Z”)*. 
Proof First of all, we show that (U(N)/1 ) ’ * is an essential extension of 
k for every positive integer n. Let f be a nonzero linear functional in U(N)* 
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which vanishes on I”. Choose an integer m, 1 < m < n, such that f(Z”) = 0 
and f(l”- ‘) # 0. Hence there is some u E Imp ’ such that f(u) # 0. Now 
U(N)* is an N-module by the action (x .f)(w) = -f(xw), where x E N, 
SE U(N)*, M: E U(N), and the product xw is taken in U(N). This action 
extends uniquely to an action of U(N) on U(N)*: (w .f)(u) =~(w’u), where 
M’, L’ E U(N) and MJ --) w ‘- is the unique antiautomorphism of U(N) such that 
.Y’ = --x for all x E N 11, 2.2.18, p. 73 1. Thus the functional u . f is nonzero 
and (U .f)(v) =f(u’~) = 0 ‘for all z: E I since U~L’ E I”‘. Thus u .fE 
(U(N)/I)* z k” z k. 
Next we observe that U(N)* is an injective N-module. If A4 is any 
.V-module, then Hom,(M, U(N)*) z Hom,(M, k) [ 7. Exercise 7.3, p. 1 1 1 1. 
and since Hom,( , k) is an exact functor on N-modules, so is 
Hom,v( . U(N)*). 
Thus we have the following inclusions: 
k z li* G dir lim(U(N)/I”)* CI U(N)*. 
Since U(N)* is injective and contains an isomorphic copy of k, C/(N)* 
contains a submodule isomorphic to E,,(k) [7, Corollary 9.3, p. 381. Hence 
dir lim(U(N)/I”)* E E,,(k), if we identify E,,(k) with its image in U(N)* 
under the isomorphism. By Proposition 1, E,(k) is locally finite and hence 
by Lemma 2, iffg E,\(k) there is a positive integer n such that I” . f = 0. But 
this implies that f vanishes on I”, and hencefE dir lim(U(N)/Z”)*. Thus the 
result follows. 
Remark. Theorem 3 is a generalization of the well-known case of an 
abelian Lie algebra. See. e.g., D. G. Northcott IJ. London Math.. Sot. 8 
( 1974). 290-296 I. 
2. THE MAIN STRUCTURE THEOREM 
In this section we consider Lie algebras L which are the sem-direct 
product N >a H of nilpotent Lie algebras N by arbitrary (finite-dimensional) 
Lie algebras H. We are assuming that N is an H-module such that H acts as 
a Lie algebra of derivations on N. We identify N with a nilpotent ideal of L 
and H with a subalgebra of L in the usual way (7, p. 235 (. The goal of this 
section is to describe the structure of the injective hull of the l-dimensional 
trivial L-module E,(k) in terms of the injective hulls E,(k) and E,,(k). 
PROPOSITION 4. Let L be an arbitrary finite-dimensional Lie algebra 
orer k with universal enveloping algebra U(L). If K is a subalgebra of L and 
U(K) is the unitTersal enveloping algebra of K, then an?> injectire L-module is 
also an injectice K-module. 
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Proof: U(L) is a free right U(K)-module [ 1, Proposition 2.2.7, p. 7 1 ] so 
the functor M-+ U(L) @CT(K) M is exact on left K-modules. If E is any 
injective L-module, then P+ Hom,(P, E) is an exact functor on left 
L-modules P. Hence the composite functor M + Hom,(U(L) @C,(K) M, E) z 
Hom,(M, E) [ 7, Problem 7.3, p. 1111 is exact on left K-modules. Thus E is 
an injective K-module. 
Remark. Proposition 4 implies that E,(k) is an injective K-module and 
hence contains a submodule isomorphic to E,(k) [7, Corollary 9.3, p. 381. 
Now assume that L = N M H, where N is a nilpotent ideal of L and H is a 
subalgebra of L. The ideal J in U(L) generated by N is easily seen to be the 
ideal generated by the augmentation ideal I of U(N) if we identify U(N) with 
a subalgebra of U(L) and use the fact that [H, N] s N. The following results 
will be used to show that the ideal J has the weak AR property with respect 
to finitely generated L-modules. 
PROPOSITION 5. Let R be a k-algebra containing 1 which is generated as 
a ring by a finite-dimensional Lie subalgebra H and a left Noetherian 
subalgebra S containing the same 1 as R and satisfying [H, S] s S. Then R 
is left Noetherian. 
The proof of this proposition is a now standard variation on the filtered- 
graded proof of the Poincare-Birkhoff-Witt theorem and is left to the reader. 
Also, in Proposition 5 if S is right Noetherian, then the same proof shows 
that R is right Noetherian. 
We shall need some additional notions related to the weak AR property 
for ideals in a ring R. Following the terminology given in Passman 
(6, p. 4881, we say that an ideal I in a ring R with 1 is polycentral of height t 
if there exists a finite series of ideals in RI = I, 2 I, 2 . .. 2 I, = 0 such that 
for each j. 0 <j < t - 1, Ii/Ii,, is a centrally generated ideal of R/Ii+, . 
Given such an ideal I, we define R(I) = B(L; I,, II,..., II) to be the subring of 
the polynomial ring R[Z] generated by R and ZiZ, ZjZ2,..., IjZ” for 
j = 0, l...., t. The following two lemmas show the relation between 
polycentral ideals in a left (resp. right) Noetherian ring and the weak AR 
property. 
LEMMA 6 [6, LEMMA 2.6, p. 4891. Let R be a left (resp. right) 
Noetherian ring, and let I be a polycentral ideal of height t with 
corresponding central series I = I, I> I, I> ... I> I, = 0. Then l?(I; I,, I, . . . . . I,) 
is left (resp. right) Noetherian. 
LEMMA 7 [ 6, LEMMA 2.7, p. 4911. Let R be a ring as in Lemma 6, and 
let I=Iu?I,?...?I,=O be a chain of ideals of R. If f?(I)=l?(I;Z,, 
I, ,..., It) is left (resp. right) Noetherian, then I has the weak AR property. 
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The next proposition is essentially a theorem of Roseblade (see [6, 
Theorem 2.9, p. 4921). Roseblade’s theorem deals with a ring R with 1 which 
is generated by a right Noetherian subring S with the same 1 as R and by a 
polycyclic by finite group of units G such that the action of G on S by 
conjugation stabilizes S, i.e., S” = S, where SC = {C’SX 1 x E G, s E S). 
Here we are replacing R by a k-algebra with 1, S by a subalgebra with the 
same 1 as R, and G by a finite-dimensional Lie subalgebra H such that the 
commutator in R of an element in H with an element in S lies in S. This 
result will be useful in proving the structure theorem for E,,(k) where L is the 
semidirect product N >Q H, where N is nilpotent and H is arbitrary as 
described above. 
PROPOSITION 8. Let R be a k-algebra containing 1 which is generated as 
a ring by a jinite-dimensional Lie subalgebra H and a left Noetherian 
subalgebra S containing the same 1 as R and satisf&ng [H, SI G S. Suppose 
that I is a polycentral ideal in S such that [H, I] E I. If V is a jinitelJ> 
generated left R-module and if I/ is a submodule, then there exists an integer 
d such that IdVn CT c IU. Furthermore, RI = IR has the weak AR property. 
Proof: We will follow the proof of Roseblade’s theorem as given in 16, 
Theorem 2.9, p. 4921 and make the necessary adjustments wherever needed. 
Let I = Y, 2 Y, 2 ... 2 Y, = 0 be the given central series for I such that 
Yj is an ideal of S that is centrally generated modulo Yi t , . Let (h, ,.... h,} be 
a basis for H and define 
I,j= ” Ih, Yjl + yj= 2 [h;, Yj] + Yi. 
hzl 
O<j<t. 
i- I 
It is clear that Ij is an additive subgroup of S since Yi is an ideal in S and 
the Lie bracket is bilinear. To show that I,i is an ideal in S, it suffices to 
show that for s. s’ E S, we have 
But 
Slhi,~jl S’ E Ii, where jlj E Yi and 1 < i < n, 0 <j < t. 
Slhi.Jljl S' = ShiyjS' ~ sJ)ihis’ = h;syjs’ + s,!Jjs - sy.js’h; - syjs/ 
= Ihj, sJiS' 1 + (SlYiS' - S2'iS(') E Ij. 
Next, we claim that I,i is centrally generated modulo Ii+ r, where 0 <j < 
’ - l. If 2'jl + yj+ 1 ,...?J)jn, + yj* 1 
sIyj+l~ 
are central generators for Yi/Yj_, in 
Iil'i+ 1 
it is clear that ~~~~ +Ij+l,...,~in, +Ij+, and [hiryik] +Ij+, generate 
for 1 < k < nj and 1 < i < n. It remains to show that these elements 
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are central in S/Ii+ , . This is clear for the yik + Zj+ , . On the other hand, if 
s + !j+, E S/Ii,, , we have 
= Ilhi~sJ~Yj~] + Ihi, [J'jk,SII +lj+, by the Jacobi identity, 
=Ij+l, since Ihi,sl E Sand [yjk,s] E Yj+,. 
Thus, I=I,)zI,z... 2 I, = 0 is a series of ideals in S such that Ii/Ii+, is 
centrally generated in S/Ij+ , , and, by construction, [H, Ii] G I,j for 0 <j < t. 
Since IH, S] G S and [H, Zj J G !j for 0 <j < t, by using an argument 
similar to that given in the first part of the proof of Proposition 5, one can 
show that RZj = Z,R (recall that R is generated by S and H). Thus, X = IR 
and Xj = I,iR are ideals of R. The following computations all occur in the 
polynomial algebra H [Z]. 
R(X) = lqx; x, ,...) X,) 
=(R,XjZqIO<j<t,l<q<2j) 
=(R,!,Z”lO<j<t, l<q<2’) 
= (S, ljZq, H 1 0 <j < t, 1 < q < 29 
= (g(I), H). 
Since I is polycentral in S, s”(I) is left Noetherian by Lemma 6, and 
furthermore. it is easily seen that IH, S(I)1 s S(Z). Thus Proposition 5 
implies that I?(X) = (S(Z), H) IS also left Noetherian, and we conclude by 
Lemma 7 that X has the weak AR property. Finally, if V is any left 
R-module, then, because X = RI = IR, we have X” V = I”V, and the result 
follows. 
LEMMA 9. Let L = N >a H, where N is a nilpotent Lie algebra and H is 
an arbitrary (finite-dimensional) Lie algebra. Then E,,(k) 0, E,,(k) is an 
L-module and is an essential extension of the l-dimensional trivial L-module 
k. 
Proof. Let E = E,,(k) ok E,,(k), X= E,V(k), and Y = E,,(k). By 
Theorem 3, X = dir lim( U(N)/Z”) *, where I is the augmentation ideal of 
U(N). When we make the usual identifications of H with a subalgebra of L 
and N with an ideal of L, H acts on N as a Lie algebra of derivations via the 
adjoint representation 11, 1.1.13, p. 31. These derivations may be extended 
uniquely to derivations of U(N) I I, Proposition 2.4.9, p. 79 1. Let D, denote 
the derivation of U(N) which extends ad,, h, where h E H. Then Dh(u) = 
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hu - uh for any u E U(N) [ 1, 2.4.9, p. 791. We show that Dh(Zn) 5: I” for 
every positive integer n. For n = 1, it suffices to show that 
D,(n, n, ..’ n,) E I, where ni E N, 1 < i < 9, since Z consists of sums of 
products of elements of N. But, D,(n,n, ... n,) = x:=1 n, ... rz--,[h, nil 
ni+, ... nq E Z since [h, ni] E N for all i. In general, Dh(Zn) = Dh(Z) I”-’ + 
ZD,(Z”-‘) C: I”, by induction. Thus U(N)/Z” and also (U(N)/Zn)* are 
L-modules. This implies that X is an L-module. Furthermore, Y is an 
L-module via projection of L onto ZZ, and since the kernel of this projection 
is N, it is clear that Y is a trivial N-module. Thus the tensor product E is an 
L-module. 
We now show that E is an essential extension of k. Since Y is a trivial 
N-module, E zX” as an N-module, where a is the k-dimension of Y. By 
Proposition 1 and Lemma 2, every element of X is annihilated by a power of 
1. Hence the same is true for elements of E. Given an element x E E’, x # 0, 
we can find a least integer n with the property that Z”x = 0. Then there exists 
some u E I”- ’ with ux # 0. Since Z(UX) = 0 implies that z(ux) = 0 for every 
z E N, L’X is an element of the N-invariants of E, E”. Since E” is canonically 
an L/N = H-module which is clearly essential over k as an H-module, we 
have E” C_ Y. But since kc X, E =X (qk Y contains a copy of Y, namely, 
1 ok Y, and this implies that Y = Yv E E” i Y and hence Y = E,‘. Thus we 
can find w E U(H) such that w(vx) = (wtl)s # 0 and (wv)x E k. Since 
MJZ! E U(L), the result follows. 
We are now prepared to prove the structure theorem for E,,(k). 
THEOREM 10. Let L = N >a H, where N is a nilpotent Lie algebrw and H 
is an arbitrary Lie algebra (N and H are finite dimensional). Then 
E,v(k) Ok E,(k) z E,(k) as L-modules. 
Prooj We will use the notation set up in the proof of Lemma 9. By 
Lemma 9, E E E,(k). Since E 2 X” as an N-module, where (L is the 
k-dimension of Y and U(N) is left Noetherian [3, Theorem 6, p. 166 ], it 
follows that E is an injective N-module since X = E,(k) is an injective 
N-module and the direct sum of injective modules is injective over a left 
Noetherian ring [4, Proposition 1.2, p. 5 12]. Hence, the injective hull E,,(k) 
when considered as an N-module is isomorphic to the direct sum XD @ E’, 
where /3 is some> cardinal number greater than or equal to the k-dimension of 
Y = a, and E’ is a direct sum of indecomposable, injective N~submodules of 
E,(k) which are not isomorphic to E,(k) =X [4, Theorem 2.5, p. 5 16 ]. 
We claim that E’ = 0. Let x E E’ and form the finitely generated 
L-module V= k + U(L) x s E,(k). Since N is a nilpotent Lie algebra, the 
augmentation ideal Z of U(N) is a polycentral ideal [ 5, Theorem 4.2, p. 498 ]. 
Also, [H, N] c N implies that [H, I] z Z since Z is generated by products of 
elements of N. It is clear that U(L) = (U(N), H), so by Proposition 8 with 
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S = U(N), we have Z”Vn k z Zk = 0 for some positive integer n. Since V is 
an L-submodule of E,(k), it follows that Z”V= 0. If we now consider V as 
an N-module then by the discussion following Lemma 2, V is a tinite- 
dimensional essential extension of the trivial l-dimensional N-module k and 
hence may be considered as a submodule of a copy of E,“(k) =X inside of 
X0. But then x E X4 n E’ = 0. Thus E’ = 0 since x was chosen arbitrarily 
from E’. Therefore, as an N-module, E,,(k) 2 X”. 
Next, by the proof of Lemma 9, we have Y = E’V. It is clear that E,(k)” is 
an essential extension of k when considered as an L/N = H-module; hence 
E,(k)N z E,(k) = Y. But Y = EN s E,(k)” and hence Y = E,(k)“. By the 
previous paragraph, E,(k) g X4 as an N-module, where /I > a = k-dimension 
of Y. But X0 = EN(k)4 = E,&,(k4) [4, Proposition 2.1, p. 5141; hence Y = 
E,(k)” = E,(kD)” = k4, and therefore the k-dimension of Y is equal to /?. 
Thus E,(k) = EN(Y) = E&EN) as N-modules. Since E is an injective 
N-module containing E”, we have E,(Z?‘) I E and this implies that 
E = E,(k). 
3. THE SOLVABLE CASE AND LOCAL FINITE DIMENSIONALITY 
In Section 1 we showed that the injective hull of a locally finite module 
over a nilpotent Lie algebra is locally finite. The aim of this section is to 
extend this result to solvable Lie algebras. 
Given a finite-dimensional solvable Lie algebra L over an algebraically 
closed field k of characteristic zero, Ado’s Theorem implies that there is a 
faithful finite-dimensional representation p: L + gl(n, k), where n is the 
dimension of the representation [3, p. 2021. The image p(Z) lies in the 
solvable subalgebra r(n, k) of gZ(n, k) consisting of upper triangular matrices. 
Since s(n. k) = ~(n, k) >a 6(n, k), where r(n, k) denotes the strictly upper 
triangular matrices and 6(n, k) denotes the diagonal matrices, we see that 
t(n, k) has the form N ~1 A, where N is a nilpotent ideal in 7(n, k) and A is 
an abelian subalgebra of ~(4 k). Thus, we may apply the results of 
Proposition 1 and Theorem 10 to conclude that E,(,,,,(k) = E,,,,,,(k) ok 
E S(n,kj(k). Since both injective hulls on the right of this equation are locally 
finite by Proposition 1, we conclude that E,,,,,,(k) is also locally finite 
because the tensor product of two locally finite modules is locally finite. 
Finally, since E,,,,(k) z E,(,,,,(k) implies that E,,,,(k) is locally finite we 
conclude that E,(k) is also locally finite. 
The following theorem and its corollary show that the injective hull of a 
locally finite module over a solvable Lie algebra is again locally finite. 
THEOREM 11. Let S be an irreducible module over a solvable Lie 
algebra L. Then EL(S) = S ok E,(k) and thus EL(S) is locally finite. 
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ProoJ S is l-dimensional by Lie’s Theorem [3, p. 501. We first show 
that S @,E,(k) is an injective L-module. Let W be any L-module. Then 
Hom,(W, S c&E,(k)) = Hom,(W (S*)* @kE,d(k)) 
= Hom,( W, Hom,(S*, E,(k))) 
= Hom,(S* Ok K E,,(k)). 
Since S* is a free k-module and E,(k) is an injective L-module, the 
composite functor W+ Hom,(S* Ok W, E,(k)) is exact. Thus, 
Hom,( , S ok E,(k)) is an exact functor and S ok E,-(k) is an injective 
L-module [ 7, Corollary 5.6, p. 1051. 
Now S ok E,(k) contains an isomorphic copy of S since k 1~ E,(k) 
and hence E,(S) G S ok E,,(k) because S ok E,(k) is injective [ 7, 
Corollary 9.3, p. 381. Since EL(S) is also injective, we have S ok E,(k) z 
EL(S) @ E’ for some L-module E’. We must show that E’ = 0. But, S* ok 
(S ok E,(k)) z (S* ok EL(S)) @ (S* ok E’); since dim, S = 1, S* @, S z k 
and hence S” Ok (S Ok E,(k)) % (S” Ok S) Ok E,(k) ” k Ok E,(k) ” 
E,(k) z (S* ok E,(S)) @ (S* ok E’). Now E,(k) = EL(U(L)/I), where I is 
the augmentation ideal of U(L); therefore, E,(k) is an indecomposable, 
injective L-module since I is an irreducible ideal in U(L) [4, Theorem 2.4, 
p. 5 15 ]. Thus E,(k) cannot have any direct summands and we conclude that 
S* ok E’ = 0; hence E’ = 0. Thus S ok E,*(k) = EL(S). Finally, it is obvious 
that E,(S) is locally finite because S is l-dimensional and E,(k) is locally 
finite. 
COROLLARY 12. Let L be a solvable Lie algebra over the field k which 
is algebraically closed and of characteristic zero. Let V be a locally Jnite 
L-module. Then E,,(V) is also locally finite. 
ProoJ By using an argument similar to that given in the proof of 
Proposition 1, it suffices to consider the case where V is finite dimensional. 
Since the field k is algebraically closed and characteristic zero, V contains 
irreducible submodules by Lie’s Theorem (3, p. 501. If (S,),IG,, is the 
collection of all irreducible submodules of V, then the socle of V, Sot(V), is 
equal to the direct sum of a certain subcollection of the S,‘s, say, Sot(V) = 
@,,/I s,, where A cr A 18, Corollary, p. 601. Thus E,,(Soc(V)) = 
@,,, E,-(S,) 14, Proposition 2.1, p. 5141. By Theorem 11 each E,,(S,) is 
locally finite and hence EL(Soc(V)) is also locally finite. 
To complete the proof, we show that EL(V) = E,,(Soc(V)). If U is any 
non-zero submodule of V then U has a composition series U = U, 2 
Ii, 1 ... 2u,zud+,= 0 and U, is irreducible by Lie’s Theorem [3, p. 501. 
Thus Un Soc( V) # 0 and hence V is an essential extension of Sot(V). 
Therefore, V G EL(Soc(V)) and since EL(Soc(V)) is an injective L-module 
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containing I’, EL(V) G E,(Soc( V)). But clearly E,(Soc( V)) G E,,(V) since 
Sot(V) z V. Thus E,(V) = E,(Soc(V)) and the result follows. 
Remark. The local finiteness of E,(V) is also obtained in 12, p. 36 ]. 
4. EXAMPLES 
In this section we will present some calculations of the injective hull of the 
l-dimensional trivial module over nilpotent and solvable Lie algebras. These 
examples illustrate the main results of this paper and also indicate a method 
for calculating the injective hulls. As an aid in the calculation of E,(k), we 
use the following result. 
PROPOSITION 13 [ 1, PROPOSITION 2.7.5, p. 901. Let (e, ,..., e,) be a basis 
for a Lie algebra L over a field k of characteristic zero, and let 
k[ IX, >..., X,] ] be the algebra of formal power series over k in n indeter- 
minates X, ,..., X,. For v = (v, )...) v,) E N”, let us define e,. = 
e;‘l . . . ezn/v,! . . . v,! and X” =&‘l . . . Xi”. If f E U(L)*, denote the formal 
power series CveNn f(e,,) X” by sf. Then f t, sr is an isomorphism of the 
algebra U(L)* onto the algebra k[ [X, ,..., X,]]. 
Now if f E dir lim(U(L)/I”)*, where 1 is the augmentation ideal of U(L), 
then f vanishes on some power of I, say, f (I”) = 0. By the above proposition, 
this implies that sr is a polynomial. Thus we have the image of 
dir lim(U(L)/I”)* under the isomorphism in Proposition 13 contained in 
k[X, ,..., X,]. Furthermore, L acts on U(L)* as a Lie algebra of derivations. 
If L is the l-dimensional abelian Lie algebra over k, then it is easy to show 
that E,(k) = k[X] with the action of L given by sending a basis element e for 
L to the derivation -d/dX and extending linearly to all of L. The fact that a 
Lie algebra L acts on U(L)* via derivations may be found in Dixmier 
[l,P. 911. 
EXAMPLE 1. Let L be the 2-dimensional non-abelian Lie algebra over 
the complex numbers C with basis (e,, e,) satisfying [e,, e2] = e,. 
L = N M A, where N = Ce, and A = Ce,. By Theorem 10, E, (C) = E,,,(C) @(. 
E,(C), where EN(C) = C[X,] and E,.,(C) = C[X,]. If f, E U(L)* satisfies 
f,(e,) = 1, and f,(e’;le;‘/v,! vz!) = 0 for (v,, v2) # (l,O), then s,.=X,. Now 
el .X1 corresponds to e, . f, and we have e, .f,(l)= -f,(e, l)= 
-fl(e,) = -1, e, . fi(u) = 0 if u + 1, u E U(L). Thus e, . X, = -1, and hence 
the action of e, on X, is given by 4/8X,. Similarly, the action of e, is given 
by -8/3X, on X,. 
Consider the action of e2 on X,: e, . X, corresponds to e, . f,, and 
e2 ..fi(el) = -fl,(l e,, e,]) = -fi(-e,) = 1. Furthermore, e, . f,(e;“/v,!) = 0 for 
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v, # 1. Thus we have the representation with representation space I:,~(C) = 
C[X,. X,) given by p(e,) = -?/5X, and p(e*) =X,(a/aX,) ~ ii/%X,. and 
extending linearly to all of L. It is easily checked that p is actually a 
representation. 
EXAMPLE 2. Let N be a 4-dimensional nilpotent Lie algebra over C with 
basis (e, , e,. e3. e4) and bracket formulas given by le,, e3 1 = e, = le,, e, 1, 
le,,e,l =e, i-e,, and e, is a central element. There is a flag of ideals N, c 
N,sN,zN, where N,=Ce,, N,=Ce,+Ce,, and N,=Ce,+Ce,+Ce,. 
Now E,V,(C) = C[X, 1, where e, E+ -8/3X,, and E,v,l,V,(C) = C[XzJ, where 
e, k -Z/%X,. Hence, by Theorem 10, E,V2(C) = C[X, ,X,1. We need to 
compute the action of e2 on X, . But iff, E U(N,)* is the functional dual to 
e,, we find that e, .f,(e;l/v,!) = 0, and hence e2 acts trivially on X, under 
the isomorphism given by Proposition 13. Hence the representation on 
E,b,l(C) sends e, to -8/3X, and e, to -a/ax,. 
Next, ENI,,,‘? = C[X,] with e3 b -a/8X,. We have E,,,?(C) = 
C’IX,, X,, X, ] and we must compute the action of e3 on X, and X,. Let f, 
(resp.f,) denote the functional in U(N,)* dual to the basis elements e, (resp. 
e2) in U(N,). We have e3 .f,(e’,“/v,!) = 0 and 
es .f, (e;?/v2!) = I ‘* if ,I? = 1 
i0. otherwise. 
Thus, s,~.~, =X, and hence e3 . X, = X,. Also we have e3 .f?(ef’ei’/ 
v,! v2!) = 0, so the representation of N, on E,V,(C) sends 
-P -2 i’ i; 
e, tt- 
2x, ’ e2w 2x, ’ 
and e,t,X,--- 
%X2 2x,. 
Finally, E,v(C) = C[X, , X2, X,, X, 1, and we need to compute the action of 
e, on X, , X,, and X,. As above, we let f, , f,, and f, be the dual basis of 
U(N,)* corresponding to e,, e2, and e3. To compute e4 . X, we consider 
e, .f,. 
i 
1, v, = 0 = v2 and vj = 1 
0, v2 = v, = 0 
e, . f,(e;‘leq2ex’/v,! v,! v3!) = 1, v,=v,=Oandv,= 1 
I 
L - 5, v, = v2 = 0 and v3 = 2 
0, otherwise. 
Hence, e,.X,=X,+X,-fX:. In a similar manner, one calculates that 
e,.X,=X,, and e4. X, = 0. Thus the representation of N on E,V(C‘) sends 
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-a 
ei b+ ax, 
-a 
e2 H ax, 
a a 
e,bX2--- 
ax, ax, 
e4ti X,+X,-+X: 
i ) 
n a a 
&ix,----. 
1 ax* ax, 
EXAMPLE 3. Let L be a 3-dimensional solvable Lie algebra over the 
complex numbers C with basis (e,, e2, e3). The bracket operation is given by 
[e,, e,] = -e, , [q,e,l =-e, +e,, and all other brackets are zero. Then 
using the method described in the above two examples, one finds that 
E,(C)=C[X,,X,,Xxl, h w ere the action of L is given by the representation 
p that satisfies 
and 
r ? 
p(e,>=-(X, +X2)&+X2+&. 
1 / 2 3 
EXAMPLE 4. Let L = ~(3, C) = ~(3, C) XI 6(3, C) with basis e, = e,3, 
e2=e,,, e3=e23, e,=e,,, e,=e,,, and eh=e33, where ejj is the 3X3 
matrix having 1 in the (i, j) position and 0 elsewhere. We have the following 
non-zero brackets: 
he31=el le,,e,J = -e2 [e3, eel = e3. 
[e,,e,J=--e, k241=e2 
h4=el le,, e,l = -e3 
Then EL(C) = C[X,, X2,..., X,] with 
-i; 
e1 - ax, 
-a 
e2 tt ax, 
a a 
e,wX2--- 
ax, ax, 
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a 
e,kbXX,-- 
ax* 
B 
e,t,X,--- 
8x1 
+x3&-&. 
3 6 
ACKNOWLEDGMENT 
This paper is based on the author’s doctoral dissertation at the University of Oklahoma, 
Norman. The author would like to express his thanks at this time to his advisor, Professor 
Andy R. Magid, for his considerable help and encouragement. 
REFERENCES 
1. J. DIXMIER, “Enveloping Algebras,” North-Holland, Amsterdam, 1977. 
2. S. DONKIN, Locally finite representations of polycyclic-by-finite groups, preprint, 
Mathematics Institute, University of Warwick. September 1979. 
3. J. JACOBSON, “Lie Algebras,” Dover, New York, 1979. 
4. E. MATLIS, Injective modules over noetherian rings, Pacific J. Muth. 8 (1958), 5 1 l-528. 
5. J. C. MCCONNEL, The intersection theorem for a class of non-commutative rings, Proc. 
London Math. Sot. 17 (1967),487-498. 
6. D. S. PASSMAN, “The Algebraic Structure of Group Rings,” Wiley, New York, 1977. 
7. P.J. HILTON AND U. STAMMBACH, “A Course in Homological Algebra,” Springer-Verlag, 
New York/Berlin, 1970. 
8. J. LAMBEK, “Lectures on Rings and Modules,” Ginn (Blaisdell), New York, 1966. 
